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The classical Banach-Stone Theorem
Let X , Y be compact Hausdorff spaces and T : C(X )→ C(Y )
be a surjective linear isometry, then there exist a
homeomorphism

ϕ : Y → X and h ∈ C(Y )

such that
|h(y)| = 1 for all y ∈ Y ,

and

(Tf )(y) = h(y)f (ϕ(y)) for all f ∈ C(X ) and y ∈ Y .

many extensions to a variety of different settings
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X ,Y : Banach spaces
S ⊂ L(X ,Y ), all linear maps from X to Y .

A linear mapping T : X → Y is a local S map if for each x ∈ X ,
there exists Tx ∈ S, depending on x satisfying

T (x) = Tx (x).

Kadison, 1990
R: von Neumann algebra

Then every norm-continuous local derivation T : R → R is a
derivation.

many extensions to a variety of different settings
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E ,F : Banach spaces
S ⊂ L(E ,F ), all linear maps from E to F

A (non-necessarily linear nor continuous) mapping ∆: E → F
is a 2-local S-map if for any x , y ∈ E , there exists Tx ,y ∈ S,
depending on x and y such that

∆(x) = Tx ,y (x) and ∆(y) = Tx ,y (y).
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P. Šemrl, 1997
H: infinite-dimensional separable Hilbert space
B(H): algebra of all linear bounded operators on H

Then every 2-local automorphism ∆ : B(H)→ B(H) is an
automorphism.

P. Šemrl, 1997
H: infinite-dimensional separable Hilbert space
B(H): algebra of all linear bounded operators on H

Then every 2-local derivation ∆ : B(H)→ B(H) is a derivation.
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M. Győry, 2001
X : first countable σ-compact Hausdorff space

Then every 2-local isometry ∆ : C0(X )→ C0(X ) is a surjective
linear isometry.

O. Hatori, T. Miura, H. Oka and H. Takagi, 2007

A: uniform algebra

Then every 2-local automorphism ∆ on A is an isometrical
isomorphism from A onto ∆(A).
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Q: Is any 2-local S-map ∆: E → E linear? NO.

Let E = span{I,E12,E13} ⊂ M3(R) and

∆(aI + bE12 + cE13) = aI + bE12 +
3
√

b3 + c3 E13.

Then ∆ is nonlinear 2-local automorphism. Let
A = a1I + b1E12 + c1E13 and B = a2I + b2E12 + c2E13.
Note that ∃q, s ∈ R s.t.

(
b1 c1
b2 c2

)(
q
s

)
=

 3
√

b3
1 + c3

1
3
√

b3
2 + c3

2

 .

Then TA,B(aI + bE12 + cE13) = aI + bE12 + (bq + cs)E13 is an
automorphism on E and ∆(A) = TA,B(A), ∆(B) = TA,B(B).
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Q: Is any 2-local S-map ∆: E → E surjective? No.

Győry, 2001
X : uncountable space with discrete topology
Y : proper subset of X for which there is a bijection ψ : X → Y

Define the map ∆ : C0(X )→ C0(X ) by

∆(f )(x) =

{
f (ψ−1(x)) if x ∈ Y
0 if x ∈ X \ Y .

Then ∆ is a linear 2-local isometry which is not surjective.

f ∈ C0(X ) iff ∃xn s.t. f (xn)→ 0 and suppf ⊆ {xn}
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C1([0,1]): continuously diff functions on [0,1], with the norm

||f || = sup
x∈[0,1]

{|f (x)|+ |f ′(x)|}

Q: 2-local isometry ∆: C1([0,1])→ C1([0,1])

linear and surjective ?
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M. Hosseini, 2017

C(n)([0,1]): n-times cont diff on [0,1] with the norm

‖f‖n = max{|f (0)|, |f ′(0)|, . . . , |f (n−1)(0)|, ‖f (n)‖∞}

T : C(n)([0,1])→ C(n)([0,1]) 2-local real-linear isometry, i.e.,
for f ,g ∈ C(n)([0,1]), ∃Tf ,g : C(n)([0,1])→ C(n)([0,1]) onto
real-linear isometry, s.t. T (f ) = Tf ,g(f ) and T (g) = Tf ,g(g).

Then T is a surjective real-linear isometry.

H. Koshimizu, T. Miura, 2021

C1([0,1]): cont diff on [0,1] with the norm

‖f‖ = |f (0)|+ ‖f ′‖∞
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Cambern, 1964

C1([0,1]) with the norm ||f || = supx∈[0,1]{|f (x)|+ |f ′(x)|}
T : C1([0,1])→ C1([0,1]) linear surjective isometry

Then ∃ϕ : [0,1]→ [0,1] with ϕ(x) = x or 1− x , and a constant
eiλ, λ ∈ [−π, π], s.t.

T (f )(y) = eiλf (ϕ(y)), ∀y ∈ [0,1].
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Kowalski-Słodkowski theorem, 1980
A: complex Banach algebra; ∆ : A→ C mapping satisfying

∆(0) = 0 and ∆(x)−∆(y) ∈ σ(x − y) ∀x , y ∈ A

Then ∆ is linear and multiplicative.

σ(a): the spectrum of a ∈ A

spherical variant of the Kowalski-Słodkowski theorem
A: unital complex Banach algebra; ∆ : A→ C be a mapping
satisfying the following properties:
(a) ∆ is 1-homogeneous;
(b) ∆(x)−∆(y) ∈ T σ(x − y), for every x , y ∈ A.

Then ∆ is linear, and ∃λ0 ∈ T s.t. λ0∆ is multiplicative.

∆ : X → Y between complex Banach spaces is
1-homogeneous if ∆(λx) = λ∆(x), for every x ∈ X , λ ∈ C.
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Theorem

2-local isometry ∆ : (C1[0,1], ‖ · ‖)→ (C1[0,1], ‖ · ‖) is linear

T : C(1)[0,1]→ C(1)[0,1] onto linear, then ∃τ ∈ T,
ϕ : [0,1]→ [0,1] bij. s.t.

T (f )(s) = τ f (ϕ(s)) ∀f ∈ C1([0,1]) s ∈ [0,1]

s ∈ [0,1], f ,g ∈ C1, ∃ τf ,g,s ∈ T, ϕf ,g,s : [0,1]→ [0,1] s.t.

δs ◦∆(f ) = δs ◦ Tf ,g,s(f ) = τf ,g,sf (ϕf ,g,s(s))

δs ◦∆(g) = δs ◦ Tf ,g,s(g) = τf ,g,sg(ϕf ,g,s(s)).

δs ◦∆(λf ) = λδs ◦∆(f ) and δs ◦∆ is 1-homogeneous
δs ◦∆(f )− δs ◦∆(g) = τf ,g,s(s)(f − g)(ϕf ,g,s) ∈ T σ(f − g)
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δs ◦∆(λf ) = λδs ◦∆(f ) and δs ◦∆ is 1-homogeneous
δs ◦∆(f )− δs ◦∆(g) ∈ T σ(f − g)

spherical variant of the Kowalski-Słodkowski theorem
A: unital complex Banach algebra; ∆ : A→ C be a mapping
satisfying the following properties:
(a) ∆ is 1-homogeneous;

(b) ∆(x)−∆(y) ∈ T σ(x − y), for every x , y ∈ A.

Then ∆ is linear, and ∃λ0 ∈ T s.t. λ0∆ is multiplicative.

δs ◦∆ : A→ C is linear ∀s ∈ [0,1], and ∆ is linear

Theorem

2-local isometry ∆ : (C1[0,1], ‖ · ‖)→ (C1[0,1], ‖ · ‖) is linear
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A: unital complex Banach algebra; ∆ : A→ C be a mapping
satisfying the following properties:
(a) ∆ is 1-homogeneous;

(b) ∆(x)−∆(y) ∈ T σ(x − y), for every x , y ∈ A.

Then ∆ is linear, and ∃λ0 ∈ T s.t. λ0∆ is multiplicative.

δs ◦∆ : A→ C is linear ∀s ∈ [0,1], and ∆ is linear

Theorem

2-local isometry ∆ : (C1[0,1], ‖ · ‖)→ (C1[0,1], ‖ · ‖) is linear
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Theorem

∆ : (C1[0,1], ‖ · ‖)→ (C1[0,1], ‖ · ‖) is a 2-local isometry. Then
∃X ⊆ [0,1], µ : X → C cont with |µ| = 1 and ψ : X → [0,1] onto
cont s.t.

∆(f )(y) = µ(y)f (ψ(y)) ∀f ∈ C1, y ∈ X .

f ,g ∈ C1, ∃ λf ,g ∈ [−π, π], ϕf ,g : [0,1]→ [0,1] bij s.t.

∆(f )(s) = Tf ,g(f )(s) = eiλf ,g f (ϕf ,g(s)) ∀s ∈ [0,1]

∆(g)(s) = Tf ,g(g)(s) = eiλf ,g g(ϕf ,g(s)) ∀s ∈ [0,1]

Ax ,f = {(y , v) ∈ [0,1]× T | ∆(f )(y) = vf (x)} 6= ∅
Ax = {Ax ,f | f ∈ C1}, Ax =

⋂
Ax 6= ∅,

Bx = {y ∈ [0,1] | ∃v ∈ T s.t. (y , v) ∈ Ax}, Bx ∩ By = ∅
X =

⋃
x∈[0,1] Bx ,

ψ(y) the unique point of [0,1] for which y ∈ Bψ(y).
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Theorem

2-local isometry ∆ : (C1[0,1], ‖ · ‖)→ (C1[0,1], ‖ · ‖) is a
surjective linear isometry

∃X ⊆ [0,1], µ : X → C cont with |µ| = 1 and ψ : X → [0,1]
onto cont s.t.

∆(f )(y) = µ(y)f (ψ(y)) ∀f ∈ C1, y ∈ X .

µ is a constant function on X
X = [0,1] and ψ(y) = y or 1− y
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Thanks for your attention !!
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